SADLER MATHEMATICS SPECIALIST
UNIT 2

WORKED SOLUTIONS

Chapter 13 Complex numbers

Exercise 13A

Question 1

\-25=5i

Question 2

J-144 =12i

Question 3

J-9=3i

Question 4

J-49 =7i

Question 5

\J—400 = 20i
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Question 6

V-5 =B

Question 7

J-8=22i

Question 8

J=45 = 3./5i

Question 9
a 3
b 5

Question 10
a -2

b 7

Question 11
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Question 12

_2+4./2% —4x1x5

2x1

Question 13

—2+./2° —4x1x3

2x1
2448

2
24 22i

2
=—1++/2i,-1-/2i

Question 14

= —2+/2i,—2—/2i
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Question 15

—2i«/22 —4x1x10

2x1

_—2+6i
2
= —1+3i,~1-3i

Question 16

4+./(-4)* —4x1x6
2x1
4+4-8
2

4+22i
2

=2++/2i,2-/2i

Question 17

1+4J(-1D)?* —4x2x1

2x2
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Question 18

—1i\/12 —4x2x1
147

Question 19

—6i\/62 —4x2x%x5

Question 20

2+/(-2)* —4x2x 25
2x2

2++/-196
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Question 21

2+,/(-2)% —4x5x13

2x5
24256
10

Question 22

1+4/(-1)* -4x1x1
2x1

Question 23

3+4/(-3)* —4x5x1
2x5

10

_3 Vi1 3 Vi1
10 10 '10 10
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Exercise 13B

Question 1

T+2i

Question 2

3-10i

Question 3

-3+4i

Question 4

7-2i

Question 5

-3+2i

Question 6

7-2i

Question 7

13+ 4i
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Question 8

6+4i+6+3i
=12 +7i

Question 9

10+5i+3-3i
=13+ 2i

Question 10

10+5i—-3+3i
=7+8i

Question 11

3-15i+7i
=3-8i

Question 12

3-15i+7
=10-15i

Question 13

2+5=7

Question 14

4+1=5

© Cengage Learning Australia Pty Ltd 2019



Question 15

(3+2i)(2+5i)

=6+15i + 4i +10i°
=6+191-10
=—4+19i

Question 16

(1+30)(3+ 2i)
=3+ 2i +9i +6i°
=3+11i-6
=-3+11i

Question 17

2+i)(X-1i)
=2-2i+i—-i°
=2-i+1
=3-i

Question 18

(-2+3i)(5+1i)
=-10-2i +15i + 3i*
=-10+13i-3
=-13+13i
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Question 19

(3+20) (L-5i)
1+5i)  (1-5i)
_ 3-15i+2i—10i®
- 1-25¢
3-13i+10
26

Question 20

(3+0) _ (+2i)
(1—2i)  (1+2i)
_ 346i+i+2i°
147
347i-2

Question 21

4 (1-3i)
1+31)  (1-3i)
4-12i
T 1-9i?
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Question 22

2 (1-4)
1+4i) " (1-4i)
_ 2i-8i
- 1-16i?

_ 2i+8
- 17
8 2i

17 17

Question 23

(-3+2i) (2-3i)
(2+31)) (2-3i)
_ —6+9i +4i—6i°
C 4-9i
_ —6+13i+6
449
13

13

Question 24

G+i) (2i-93)
2i+3) (2i-3)
_10i—15+2i - 3i
- 4i2-9
-1547i-2
B
17470
R

17 7.

13 13
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Question 25

a

b

9+i

(5 2i) - (4+3i)
~1-5i

3(5-2i) — 2(4+ 3i)
=15 6i —8— 6i
~7-12i

(5-2i)(4+3i)
=20+15i —8i—6i°
=20+71+6
=26+7i

(4+3i)°
=16+ 24i + 9i°
=16+24i-9
=7+ 24i

(5-2i) (4-3i)
(4+3i) (4-3i)

_ 20-8i—15i +6i2
- 16-9i°
_20-23i-6
1649
14-23i

25

14 23

25 25
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Question 26

a

b

4

(1-5i) — (3+5i)
~ 210

(3+5i) +3(1—5i)
— 3+ 5i +3-15i
~ 610

(3+5i)(1-5i)

= 3-15i + 5i — 25i°
=3-10i+25
=28-10i

(3+5i)?
=9+ 30i + 25i°
=9+30i—25
=-16-+30i

(3+5i) (1+5i)
(1-5i) (1+5i)

_ 3+5i+15i + 25i°
- 1-257
22+ 20i
26
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Question 27

a

b

24+ 7i

24-Ti+(24+Th)
=48

(24-Ti)(24+T)
=576 —49i°
=576+49

=625

(24-7i) (24-Ti)
(24+7i) (24-Ti)
5763361 + 491’
~ 576-49i°

_ 576-336i—49
~ 576+49

_ 527-336i
625

527 336,

625 625
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Question 28
a 4-9i

b 4+ 90— (4-9i)
~18i

C 2(4+91)+3(4-9i)
=8+18i+12-27i
=20-9i

d 2(4+9i) —3(4-9i)
=8+18i —12+27i
= —4+ 45

e (4+9i)(4-9i)
~16-81j°
~16+81
- 97

(4+9) (4+9i)
(4-9i) (4+9i)

_16+72i +81i°
16 —81i°
_16+72i-81
16 +81
_ —65+72i
97
__65, 72,
97 97
Question 29
Z=W
2+ci=d+3i
d=2
c=3
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Question 30

a+bi = (2-3i)’
= 4-12i +9i°
=4-12i-9
= -5-12i
a=-5b=-12

Question 31
Z=Ww
5-(c+3)i=d+1+7i
5=d+1
d=4
—(c+3)=7

c+3=—7

c=-10

Question 32

(@+3i)(B-)=p
5a+15i—ai—3i°* = p
5a+3+(15-a)i=p
15-a=0

a=15
p=5a+3=5(5)+3=78

Question 33
a Statement is correct

Ifz=a+bi,w=a-bi..Im(w)=-Im(z)

Not a correct statement. The two complex numbers could have different real parts.

E.g. w=5+3i,z=7-3i has Im(z) =-Im(w) but w and z are not conjugates
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Question 34

a x* —4x+13=0
(x-2)? —4+13=0
(x=2)?+9=0
(x—2)2 =9

(x—2) = +J-9

X=2=3i

x> —4x+13
— (x—(2+3i))(x—(2-30))
— (x—2-3i)(x—2+3i)

b X —2x+10=0
(x-1)°+9=0
(x-1)? =-9
X—1=%v-9
=+3i
x=1+3i

x? —2x+10
— (x=(1+3i))(x = (1=3i))
— (x—1-3i)(x—1+3i)

C X —6x+1=0
(x—3)2-8=0
(x—3)*=8
Xx—3=122
Xx=3+22

X2 —6X+1
= (Xx—(3+2V2))(x=(3-2/2)
= (Xx=3-242)(x—=3+2y2)
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x* +10x+26 =0
(x+5)°+1=0
(x+5)>=-1
X+5=4/-1
==l

X=-5%i

x? +10x + 26

= (X=(-5+1)(X=(-5-1))
= (X+5-1)(x=5+i)

x* +14x+53=0
(x+7)°+4=0
(x+7)> =—4
X+7=4J-4
=42i
X=-7%2i

x* +14x+53
=(X=(=7-2i))(x—=(-7+2i))
=(X+7+2i)(x+7-2i)

X’ +4x-3=0
(x+2)*=7=0
(x+2)*=7
X+2=+7
Xx=-2+7

x> +4x-3
= (x=(-2+7))(x = (-2-7))
=(X+2-T)(x+2++/7)
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Question 35

a

Non real roots exist when the value of b? —4ac <0.

Let b2 —4ac < —m, then v/b? —4ac =v/—m = +/mi.

The two solutions are then e mi and 2™
2a 2a
X m. X m . .
—+£| and — ———1 are conjugates of each other.
2a 2a 2a 2a

If one root is 3+ 2i the other root is 3-2i.
X? +bx+c=(x—(3+2i)(x-(3-2i))
=(x-3-2i)(x—3+2i)

The value of ¢ is the product of the roots, (3—2i)(3+ 2i) =9—4i°
=13
The value of b is the opposite of the sum of the roots.

(3-2i)+(3+2i)=6
b=-6

The two roots are 5—3i and 5+ 3i.
The product of the two roots is 34 and the sum is 10.
c=34andd =-10
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Question 36

c+di
—c—di
_cH+di
"~ —(c+di)
=-1

c+di ><d+ci
d-ci d+ci
_cd +c’i+d% +cdi’
- d? —c?i?
_cd—cd+(c*+d?)i
- c?+d?
(@ +dY)i
-~ c2+d?

b =i

c-di__(d-ci)
—(d +ci) (d-ci)

cd —c?i—d% +cdi®
- d? —c??

_cd—(c*+d?)i-cd
o c?+d?
(@ +dY)i
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Question 37

3451 = (q+ 4i)(L+ pi)
=+ pqi +4i +4pi°
=1-4p+(pg+4)i

3=q-4p=q=3+4p
5=pg+4
5=p(B3+4p)+4
0=4p*+3p-1
=(4p-D(p+1)
4p-1=0or p+1=0

1 1
Ifp==,q=3+4|=|=4
p=3.a-3+4(5]

If p=-1,9=3+4(-)=-1
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Question 38

a (X=2)(Xx—W) = X* —(Z+ W)X+ ZwW
a=1
b From the above expansion, z+w=Db and we are told b is real.

We are also told cis real and c =wz.

c If z+w is real, then Im(z)=0.
Z+W=p+qi+r+si
qi+si=0
q=-S

Is also follows that
zw=(p+qi)(r+si)
= pr+ psi+qri +gsi’

ps+qr=0
ps—sr=0
s(p—r)=0

p=r (s =0 orour roots are not complex)

Our roots p+qi and r +si can now be expressed as p+qi and p—qi
which are conjugates
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Question 39

a

=a—bi and w=c—di
W= (a—bi)(c—di)
= ac — adi —bci + bdi?
=ac—bd —(ad +bc)i

ya
ya

zw = (a+bi)(c+di)
= ac + bci + adi + bdi®
=ac—hd + (bc+ad)i
Zw=ac—bd —(bc+ad)i

=>IW=7Z

z _a+bi c—di
w c+di c—di
_ac—adi +bci —bdi?
- c? —d?%?
_ac+bd +(bc—ad)i
- c®+d?
=ac+bd+(bc—ad)i
c?+d®  c?+d?

z) ac+bd (bc—ad)i
Wj_c2+d2_ c?+d?
Z a-bi c+di
W c—di c+di

_ac+adi—bci —bdi?

- c? —d?%?

_ac+bd bc+ad
¢’ +d® c?+d?
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Question 40

(2,3)
(-5, 6)
©,7)
(3,0)
1.9
(6, 0)
@3.3)
(0, 14)

(0+2i)(3+5i)
= 6i +10i°
=6i-10
(_lo! 6)
(-3+1)(=3-1)
=9+3i—3i—i°
=10

(10, 0)

3+0i 2+4i
2-4i 2+4i

_ 6+12i
4-16i°
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3-8 3-8i
3+8i 3-8i
_ 9-48i+64i°
~ 9-64i?
5548
73

Question 41

1 2+71 1+i
7 1-i 14
2+ 2i+T7i+7i°
- 1-i?
_ —5+9i
2
,__2 -5-0
—5+9i -5-9i
~ ~10-18i
25+ 45i — 45i —81i°
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Exercise 13C

Question 1

Z, =7T+2i
Z,=2+4i
Z,=0+06i
Z,=-5+3i
Z,=—7-5i
Z,=0-4i
Z, =3-6i
Z,=6-3i

(2]

Question 2

Z,=(6,0)
Z,=(7,5)
Z,=(-3,6)
Z,=(-5,0)
Z,=(-6,-3)
Z,=(-3,-6)
Z,=(0,-6)
Z,=(7,-7)

Question 3
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Question 4

Z, and Z, are conjugates = Re(Z,) =Re(Z,)
Re(Z,)
Im(z,)
Z, =1+2i
Z,=3-2i

>0 = Re(Z,) and Im(Z,) are both positive or both negative

Re(Z,)
Im(Z,)
Z,=-3+2i

>1=7,=-3-2i

Question 5

L Im

Re

.
I I I I | I
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Quetion 6

Z,=2+1)1+1)
=24 2i+i+i°
=1+3i

Z, = (2+i)(L+i)
=(2+i)(1+2i+i%)
_ (2+0)(2i)
= 4i+2i°
=-2+4i

Z,=2+ia+i)
=(2+i)(-2+2i)
=-6+2i

Z, = (2+i)1+i)*
— 8- 4i

Z,=2+i)1+i)°
=—-4-12i

Z, = (2+i)A+i)°
= 8-16i

Z, = (2+i)1+i)
— 248
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Miscellaneous exercise thirteen

Question 1

a

(2 +5i)(2 - 5i)
= 4 25)*
=29

(3+1)(3-1i)
=9-j?
~10

(6 +2i)(6 - 2i)
— 36— 42
— 40

(3+4i)(3+4i)

=9+ 24i +16i?
=—7+24

2-3i 3—i
3+i  3-i
 6-2i—0i+3i°
o 9-i2
3-11i
10

3 1]

10 10

3+i 2+3i
2-3i 2+3i
_ 6+2i+9i+3i
C 4-9§?
_3+11
- 13

3 11
13713
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Question 2
a -1+2i

b (2-3i)(-3+5i)
= —6+10i +9i —15i°
=—6+10i+15
=9+19i

c 2+3i
d 9-19i

e (2-3i)(2-3i)
= 4-12i + 92
— 512

f (9+19i)(9+19i)
=81+ 342i + 361i*
=-280+342i

g Re(7) =2
Im(w) =-5
= p=2-5i
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Question 3

a (px—q)(X* +rx+3) = px® + prx® +3px—agx> —grx —3q
= px° +(pr—q)x*+(3p—qr)x—3q
2x° —5x* +8x-3=px>+(pr—-qg)x* +(3p-qr)x—3q

p=2
-30=-3=q=1
3p—-qr=8
3(2)-1r=8
r=-2

b 2x° —5x* +8x—-3=(2x-1)(x* =2x+3) =0
2x-1=0 or x*-2x+3=0

_2: (27400

1
X== X
2

x=%,1+\/§i,1—\/§i

Question 4

a 2x5=10

b Re((2+3i)(5-4i))
= Re(10+7i —12i?)

= Re(22+7i)
=22
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Question 5

a —5/2i
b (5+/2i)? = 254 2 xi?
=50i?
=50
c (1+5+/2i)?
=1+10+/2i +50i?
= —49+10+/2i
Question 6
(a+bi)* =5-12i

a’ + 2abi + b%?
a?—b’ +2abi =5-12i

a’—b®>=5
2ab:—12:>b:—£
2a
__5
a
2
az—(—gj =5
a
a2+§:
a
a'+36=>5a’
a’—5a’+36=0
(@*+4)(a-9)=0
a’=-4 a’=9

No such a a=13

fa=3b=—2-2
3

a=-3b=-—2 -2
(=3
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Question 7
1 3][a ¢ e] [-1 10 -4
1 0/lbd f] |2 2 -4
fa ¢ e] [1 3][-1 10 -4
b d f] [0l |2 2 -4
1[0 -3)[-1 10 4
31 1) 2 2 -4
[2 -2 -4
-1 4 o0

A(2,-1),B(-2,4),C(-4,0)

b Area of small triangle: 6x5—(3+4+10) =13
Avrea of large triangle: 6x14—(9+14+22) =39

|det T|=|1x0-1x3|=3
Area AA'B'C’ = |det T| Area AABC

-y

o

o
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Question 8

bl[ 1 2] [4 9]
c df[-1 3] |1 1]
fa b] [4 9] 1 2]
c d] |1 1][-1 3

£

a=3b=-1c=2,d=1

a

Question 9

(z-2+7i)2 =-25

z-2+7i=45i
z2=2-7i%5i
z=2-12i,2-2i
Question 10

a Remembering the area of an image is the area of the original shape multiplied by the absolute
value of the determinant of the transforming matrix, in this case our image has an area of zero
which suggests the determinant of the 2 x 2 matrix must also be zero, making it singular.

b On page 218, we noted the origin is invariant under 2 x 2 transformations, meaning the origin is

its own image. Therefore the line must pass through (0, 0).

Question 11

Letz=a+bi,Z=a-bhi
Z+22=9+D5i
a+bi+2(a—bi)=9+5i
3a—bi=9+5i
3a=9
a=3
b=-5
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Question 12
a (2+3i)* =-119-120i

b (1-3i)° =316 +12i
Im((1-3i)°) =12

Question 13
Method 1

Xx=2+3i
X—2==3i
(x—2)2 =9
(x-2)>+9=0
x> —4x+13=0

Method 2

c=(2+3i)(2-3i)
—4-9j
~13

b= (2+3i)+(2-3i)
—4

b=—4

x?—4x+13=0

Question 14

3(a+bi)+2(a—bi)=5+5i
5a-+bi=5+5i

5a=5

a=1

b=5
Required number : 1+ 5i
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Question 15

(a+bi)(2-3i) =5+i
2a—3ai + 2bi —3bi* =5+i
2a+3b+(2b—3a)i=5+1i
(2a+3b=5)x3=6a+9b=15-Eql
(2b-3a=1)x2=4b-6a=2 -Eq2
Eql+Eq2

13b =17

17

13
2a=5-3b

= 5_3(£j
13

b

Question 16
z=-5+3i
2 =(-5+3i)°
= 25—30i + 9i*
=16 —30i
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Question 17

=0

onf2 )l
=0

()

=RHS

LHS =

Question 18

tan2x+tanx=0
2tan x
1—tan® x

tan x(%ﬂj =0
1-tan“ x

tanx=0 or %H:o
1-tan“ x
2
I—tan’x
—2=1-tan’x
tan® x =3
tan x = ++/3
X =60°,120°, 240°,300°
x =0°,60°,120°,180°, 240°,300°,360°

+tanx=0

x =0°,180°,360°
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Question 19
a b x| | ax+by
ka kbl|ly| [kax+kby
| ax+by
| k(ax +by)

If y=ax+by, theny =kx

Question 20

ealz
b [-3 5]{‘1‘}:[_3X4+5x1]
-

Question 21

W=2+Ii

a z=W=2-i1i= Graph B

b z=a—-i—= Graphs B andD

¢ (2+i)a+bi)
= 2a+ ai + 2bi + bi?
=2a-b+(a+2b)i

If 2a—b+(a+2b)iisreal a+2b=0=a=-2b
Re(z) =-21m(z)
= Graphs A, Band F

d Im(w) = Im(z) =1= Graphs A and C
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Im(w) =| Im(2) |
Look for z such that Im(z) = *i
= Graphs A, B, Cand D

[ Im(w) |= Im(2)
Look for z such that Im(z) =1
= Graphs A and C

zZ=1Iw
=i(2+1)
=2i+i°
=—1+2i
= Graph E

2—i
z

N | S|

-1 2-i
2+i —(2-i)

Graph A':
GraphB: ——=1
GraphC: —

GraphD: ——

P —2—Ii

2—i

1+2i

GraphF:Z_I_: 2_|_ L
4-2i 2(2-1) 2

Graph E :

Graphs A, B and F
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Question 22

a

A?=BCB'BCB™
=BCCB™
=BC’B™

A®=BCB'BCB'BCB™
= BC’B'BCB™
=BC*CB™
=BC°B™

A"=BC"B™
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Question 23
RTP: 1x2x3+2x3x4+3x4x5+...+n(n+l)(n+2):%(n+1)(n+2)(n+3) dneZ,n>1

When n=1
LHS:=1x2x3=6

RHS: %x2x3x4=6

The statement is true for the initial case.

Assume it is true when n =Kk
1x2x3+2x3x4+3x4x5+...+k(k+1)(k +2) =%(k +)(k+2)(k+3) IkeZ,k>1

When n=k +1

1x2x3+2x3x4+3x4x5+...+k(k+)(k+2)+(k+D)(k +2)(k +3)
:%(k +D)(k+2)(k+3) +(k+1)(k+2)(k+3)
=(k+1)(k+2)(k +3)(;+1]
=(k+D)(k+2)(k+3)(k+4)
4

= (k+1) (k + 2)(k +3)(k + 4)
4

If the statement is true when n =k, it is also true forn=k +1.

Given that is true when n = 1, by induction

1x2x3+2x3x4+3x4x5+...+n(n+1)(n+2) :%(n+1)(n+2)(n+3) vneZ,nx>1
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Question 24
RTP: 2" 43" =7M, VneZ,n>1
When n=1

2°4+3=28
28 is a multiple of 7.
The statement is true for the initial case.

Assume it is true when n=k
2K 43 —TM, VkeZ k>1
When n=k +1

2" 4 3

=2" 43"

=2" +9x3"

= 2" +2x3" 47 3

= 272" K 2t 4 2B T B
=2(2"27 "+ 3" 73

=2xTM +7x3"*

=7(2M +3*"*') which is a multiple of 7

If the statement is true when n =k, it is also true forn=k +1.
Given that is true when n = 1, by induction

2" +3¥™ =7M, VneZ,n>1
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Question 25
RTP: 5" +3x9" =4M, n>0
When n=0

5°+3x9° =4
4 is a multiple of 4
The statement is true for the initial case

Assume it is true when n=k
5K +3x9=4M, n>0
When n=k +1

5k+1+3><9k+1

=5x5+3x9"x9

=5x5* +5x3x9" +4x3x9"

=5(5" +3x9") +4x3x9"

=5x4M +4x3x9"

=4(5M +3x9") which is a multiple of 4

If the statement is true when n =k, it is also true forn=k +1.

Given that is true when n = 0, by induction 5" +3x9" =4M, n>0

Question 26

LHS =sin 6(sin 6 +sin 20)
=sinB(sin 0+ 2sin6cos0)
=sin®0+sin0 2sinBcosO
=1-cos® 0+ 2sin”0cosO
=1-cos” 0+ 2(1—cos’ 6) cos O
=1-c0s’0+2cosH—2cos’
=RHS
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Question 27

4sin xcos® Xx—cosx =0
cos x(4sinxcosx—1) =0

cosx=0 or

4sinxcosx—-1=0

X:g+nn,neZ 2sin2x=1
S|n2x:l
2
T 5m
2X=—,—+2nn,Nne’Z
6 6
=£,5—n+nn,neZ
121
Question 28
31
. cos30° -sin30°] | 2 2
sin30°  cos30°| | 1 3
L 2 2
A
b cos60° -sin60°] | 2 2
sin60°  cos60°| |3 1
2 2
V3
C =—X;
y 3
m:tanezﬁ
3
0=60°
1 3
cos60°  sin60°| | 2 2
sin60° —cos60°| |.3 1
2 2
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1 3] 1 43 1 V3] (V3 1
2 2 57:_57¢7_E
V3 143 1| |V3 1 1 3
2 22 2] 12 2 2 2

If we let the square have vertices A (0, 0), B (0, 2), C (2, 2) and D (2,0), we find the coordinates

after the two-stage transformation to be A’(0,0),B’ («/§, 1), C (\/§ ~1,/3 +1), D'(—l,\/S_)

1 3
‘57{0022}_0&&—1 -1
V3 1|02 20 [0 1 43+1 43
2 2

The same square after the one 30° anticlockwise rotation has coordinates

A'(0,0),B' (-1, +/3), C' (v3-1,+/3+1), D' (+/3,2)

V31
7‘5[0022}:[0 1 V3-1 Jﬂ
1 48]0 2 20] [0 V3 3+1 1
2 2

This shows that while the vertices of the square have the same location, it is not the same

image as the coordinates of vertex B and D are swapped.

A
B Square 1

-~
-
-
-
-
”

A

Square 3

=)

y

-
-

- Square 2

o
bE
X

’
30°

770
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